The main methods describing polarization of electromagnetic waves in weakly anisotropic inhomogeneous media are reviewed: the quasi-isotropic approximation (QIA) of geometrical optics method that deals with coupled equations for electromagnetic field components, and the Stokes vector formalism (SVF), dealing with Stokes vector components, which are quadratic in electromagnetic field intensity. The equation for the Stokes vector evolution is shown to be derived directly from QIA, whereas the inverse cannot be true. Derivation of SVF from QIA establishes a deep unity of these two approaches, which happen to be equivalent up to total phase. It is pointed out that in contrast to QIA, the Stokes vector cannot be applied for a polarization analysis of the superposition of coherent electromagnetic beams. Additionally, the ability of QIA to describe a normal modes conversion in inhomogeneous media is emphasized.
Introduction
Problems related to the propagation of electromagnetic waves through weakly anisotropic media are of unparalled practical significance for optics and microwave physics, because weak anisotropy plays an important role in media such as liquid and photonic crystals, meta-materials. plasmas at high frequencies, etc.
There exist two main approaches for the description of electromagnetic waves in weakly anisotropic media. The first is Budden's method [1, 2] , which deals with coupled wave equations for the components of the electromagnetic wave field. Coupled wave equations for weakly anisotropic media were suggested in [3] in the form of quasi-isotropic approximations (QIA) of the geometrical optics method. QIA was developed in-depth in subsequent publications [4, 5] and briefly outlined in books [6, 7] . An alternative approach -the Stokes vector formalism (SVF) -was suggested by Azzam [8] and further developed by Segre for the purposes of plasma polarimetry [9] [10] [11] [12] [13] . This paper analyzes interrelations between the QIA approach and the Stokes vector formalism. Following recent publications [14, 15] , in this work we derive equations for the Stokes vector evolution directly from QIA equations and thereby show a deep unity of QIA and SVF. Simultaneously, we emphasize an inability of the Stokes vector to describe a total phase of electromagnetic waves. This seriously restricts the applicability of SVF in analyzing the polarization state of superposition of coherent electromagnetic beams, which are so important for optics, optoelectronics and microwave physics. Material in this paper is organized as follows: Section 2 describes the main equations of QIA approaches. Section 3 specifies QIA equations for magnetized plasma and demonstrates the ability of QIA to describe normal wave conversions in inhomogeneous plasma. Section 4 derives an equation for the Stokes vector evolution directly from QIA equations. Section 5 compares QIA and SVF approaches and points out differences between them. Section 5 addresses some other results that are consequences of the QIA approach: an equation for the complex polarization angle and equations for traditional parameters of the polarization ellipse, which are quite helpful in optical and microwave polarimetry.
Quasi-isotropic approximation (QIA)
A quasi-isotropic approximation (QIA) of the geometrical optics method [3] [4] [5] [6] [7] describes the propagation of electromagnetic waves in weakly anisotropic media. The full tensor of electrical permittivity in a weakly anisotropic medium ε could be divided into two parts: the electric permittivity of the isotropic background medium ε 0 and the small anisotropy tensor ν
where δ is a unit tensor. A basic assumption of the geometrical optics method is that the scale of medium inhomogeneity L is much larger than the beam wavelength λ 0 so that a "geometrical" small parameter can be introduced:
Quasi-isotropic approximation requires that all components of the anisotropy tensor ν should be small when compared with the permittivity ε 0 of an isotropic background medium:
A corresponding "anisotropic" small parameter
characterizes the weakness in anisotropy of the medium. According to [3] [4] [5] [6] [7] , an asymptotic solution to Maxwell's equations in the lowest approximation in small parameters µ G and µ A can be presented as
where A and Ψ are the amplitude and eikonal, respectively, of the electromagnetic wave in the isotropic medium and Γ is a polarization vector, which is orthogonal to the reference ray, like in an isotropic medium. Let the unit vectors e 1 and e 2 together with the tangent unit vector l form a basis for the Popov orthogonal coordinate system (ξ 1 ξ 2 σ ), associated with a selected ray [16] (see also Ch. 9 in book [17] as well as Ch. 4 in book [18] ; in the latter, one Popov system appears as a "ray-centered coordinate system"). Unit vectors e 1 and e 2 of the Popov orthogonal system obey the equations
The most important feature of these vectors is their ability to describe parallel transport of the electrical vector E along the reference ray in an isotropic medium. In the Popov orthogonal coordinate system the polarization vector Γ can be presented as
The components Γ 1 and Γ 2 of the polarization vector obey the following set of complex ordinary differential equations, which form the basic QIA equations:
where σ is an arc length along the reference ray. In contrast to the original form of the QIA equations, which were presented in [3] [4] [5] [6] [7] , the frame of natural trihedral coordinate system Eqns. (8) do not contain the torsion of the ray, because the Popov orthogonal system provides a parallel, i.e. torsionless transport of the electrical intensity vector along the ray.
QIA equations for inhomogeneous magnetized plasma. Normal wave conversion near orthogonality point
In collisionless plasma the components of anisotropy vectorν could be written as
are standard plasma parameters [2] , V = /(1 − ), α || and α ⊥ are the angles between wave vector k and static magnetic field B, shown in Fig. 1 .
With anisotropy tensor (9), QIA equations (8) become
Elements ν 
When cyclotron frequency ω is much smaller than wave frequency ω and √ 1, which is typically considered to be the problem of plasma polarimetry, the Cotton-Mouton effect plays a dominant role only in the vicinity of the orthogonality point α || = π/2, where cos α || = 0. It is in the vicinity of this orthogonality point, that QIA predicts a noticeable conversion of the circular modes. According to [19] (see also [4, 5] ), a primary right-hand circularly polarized wave of intensity I + is produced near the orthogonality point of the left-hand circular wave (a phenomenon of normal waves conversion). The corresponding intensity I − relates to the total intensity I + + I − as
Here, the parameters and ⊥ are proportional to the electron density N ⊥ in the orthogonality point σ = σ ⊥ :
The effective radius ρ = 
Equation for the Stokes vector evolution, derived from QIA
It was shown recently [14, 15] that equations for the Stokes vector evolution can be derived from a quasi-isotropic approximation of geometrical optics, and they are very close in form to the equations suggested in [8] [9] [10] [11] [12] [13] . In contrast to SVF, QIA stems from Maxwell's equations, using an asymptotic expansion of the wave field in small parameter µ A . Here, we derive briefly an equation for the Stokes vector evolution from QIA.
The components of the full (four components) Stokes vector S = ( 0 1 2 3 ) are connected with the components of the polarization vector by relations [20] :
Making use of QIA, one can present the evolution equation for Stokes vector S = ( 0 1 2 3 ) in a compact vector form likeṠ =MS (18) Here,M is a general form of the differential Mueller 4x4 matrix for weakly anisotropic media: 
and ν , ν are Hermitian and anti-Hermitian parts of the anisotropy tensor ν . Evolution equation (18) happens to be in general agreement with Segre's results for magnetized plasma, obtained for a simplified plasma model. In the case of collisionless plasma it is convenient to deal with a reduced (three component) Stokes vector s = ( 1 2 3 ) where 1 = cos 2χ cos 2ψ 2 = cos 2χ sin 2ψ 3 = sin 2χ . In this case, the equation for the three component Stokes vector takes a known forṁ
with parameters Ω = [Ω 1 Ω 2 Ω 3 ] mentioned above [9] [10] [11] [12] .
Comparison of QIA equations with equations for the Stokes vector evolution
Equations of QIA determine the evolution of the polarization vector along rays experiencing curvature and torsion and are able to describe mode conversion due to medium inhomogeneity [3] [4] [5] [6] [7] . Therefore, equations for the Stokes vector evolution obtained from a quasi-isotropic approximation of geometrical optics now acquire all the merits of QIA, in particular, their ability to describe effects of ray curvature and torsion. Furthermore, we foresee an ability of the equations for the Stokes vector evolution to reproduce QIA results concerning normal modes conversion in inhomogeneous plasma. In spite of a strong similarity, QIA equations and equations for the Stokes vector evolution, in fact, cannot be considered completely identical because of phase distinctions. To illustrate this, let us present the polarization vector
as
Between the polarization vector and the full Stokes vector components, there exist the following relations:
and (23) is dependent on three others. Though the phase(δ 1 + δ 2 )/2 does not influence the shape of the polarization ellipse, it might be important for forming an interference pattern, created by two or more polarized wave fields. It is worth noticing that the system of two QIA equations can be reduced to a single equation for complex polarization angle [21] , which is equivalent to the equation for the Stokes vector evolution. In a similar way, a system of equations for traditional angular parameters of the polarization ellipse can be derived [21] , which is also equivalent to the equation for the Stokes vector. One more generalization of the QIA approach is that the combination of QIA with complex geometrical optics allows the simulataneous descriptions of polarization and diffraction changes in an electromagnetic wave field. This was presented in [22] .
Conclusions
QIA and SVF are effective methods for a polarization analysis of electromagnetic waves passing through weakly anisotropic media. Basic QIA equations consist of two complex first-order differential equations for orthogonal components of the electromagnetic wave field. They describe polarization evolution of the electromagnetic beam along curvilinear rays and take into account interaction of normal modes in inhomogeneous weakly anisotropic media. At the same time, SVF deals with a set of equations for Stokes vector components, which are quadratic in an electromagnetic wave field. A surprising fact, proven quite recently and presented in a simplified form in this paper, is that SVF equations follow from QIA equations and are practically equivalent to the latter up to total phase. As a result, both QIA and SVF have proven to be quite helpful for solutions of many problems in optical and microwave polarimetry.
